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0. INTRODUCTION 
IN THIS PAPER we pursue two main ideas. The first is that a homology n-sphere quipped with 
a representation of its fundamental group in the general inear group over a ring R defines 
an element in the algebraic K-group K,(R). The second is that the Atiyah-Patodi-Singer 
q-invariant can be used to compute @/Z-valued invariants of elements in the algebraic 
K-groups of any subring of the complex numbers. Our main objective is to compute these 
C/H-valued invariants on the elements in K-theory defined by homology 3-spheres. 
We show that in the case of a compact hyperbolic 3-manifold X, a suitable @/Z-valued 
version of the q-invariant is given by t CS(X) - (i/4n2) vol (X). Here X is equipped with its 
metric of constant curvature - 1, CS is the Chern-Simons invariant and vol is the volume. 
It follows immediately that compact hyperbolic homology 3-spheres give elements of 
infinite order in algebraic K-theory. 
We also compute the @/Z-valued invariants on the elements in K-theory defined by 
Seifert homology 3-spheres. By combining these computations with the results of Levine 
[ 161 and Merkurjev-Suslin [ 171, we show that every element of finite order in K3 of the ring 
of algebraic integers in a non-trivial cyclotomic extension of the rationals of degree coprime 
to 6 can be constructed using these Seifert homology spheres. 
We now explain in more detail the main results of this paper. Given a homology 
n-sphere C and a representation a: q(Z) + CL,(R), let f: I: + BGL,(R) be the map which 
induces c1 on rtl. We can compose this map with the inclusion BGL,(R) + BGL(R) and 
apply Quillen’s plus construction to obtain 
S" -X+ +BGL+(R). 
This gives us the element in K-theory 
[I&a] EK,(R) = n,(BGL+(R)). 
In [lo, 141 a secondary Chern character 
e:K 2n+ I(@) + w 
is defined. We use the notation e for this homomorphism because it extends Adams’ 
e-invariant [ 1) 
e:7&+l +Q/Z 
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in the sense that the following diagram commutes: 
&+t e a/z 
1 1 
K 2.+@) -y--t c/z. 
Here rri are the stable homotopy groups of spheres and the vertical arrows are the natural 
homomorphisms. Motivated by [3, Theorem 4.143 we show how e: Kz,+ 1(C) + C/7 can be 
computed using the Atiyah-Patodi-Singer q-invariant. Our reason for choosing to use 
q-invariants is simply that when we interpret e in this way it suggests aparticular method of 
performing computations, that is by using the techniques from index theory described in the 
papers of Atiyah et al. C2-43. 
Let Z be a homology (2n + 1)-sphere and let a : zr(Z) + CL,(@) be a representation of 
the fundamental group of Z. This representation defines a flat bundle V, over E. Then C has 
a unique spin structure so choosing a metric on ZZ gives a well-defined Dirac operator 
D : Cm(S) + C”(S) 
where C”(S) is the space of smooth sections of the spin bundle S over Z. Now we couple the 
Dirac operator to the flat bundle V, using the canonical flat connection on V, and this gives 
the twisted Dirac operator 
D,:C”(S@ V,)+C=(S@ v,). 
The Dirac operator D is sell-adjoin& since Z is odd-dimensional, but D, is not self-adjoint 
unless the representation CI is unitary. Nonetheless, D, has self-adjoint symbol and, as in [a], 
this gives enough control over the eigenvalues of D, to define the r,+function 
This is a meromorphic function of the complex variable s. Following [3] there is a way to 
extract from this q-function a topological invariant 
The invariant ~(a, D) is of course defined for any compact spin manifold X of odd dimension 
and any representation c1 of zi(X) in G&(c). In Section 2 we prove the following formula. 
THEOREM A. 
e[IE,cr]=p(a,D)E@/Z. 
More generally e extends to a natural homomorphism 
e: K&(X;@) + K'(X)c,m. 
Here, by definition, 
0 . + 6 K,,,W, @I = LX, z x BGL (@ )I 
where BGL+(@') is the space obtained by applying Quillen’s plus construction to the 
classifying space of the general linear group of Q= considered as a discrete group, and 
K*(X& is ordinary topological complex K-theory with coefficients in the abelian group 
C/Z. The cohomology theory K'(X),,, can be defined by the general methods of algebraic 
topology but for our purposes it is more convenient to have an explicit description of 
K’(X)c,z; see Section 2. Once more we can use the q-invariant to compute this homomor- 
phism, as we show in Section 2. 
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Next we list some of the general properties of the homomorphism e : Kz,+ 1(@) + C/Z. 
These are proved in detail in Sections 2 and 3. We show in Section 3 that the imaginary part 
of e, 
is the Bore1 regulator; this is also proved in [14, ch. VII]. It follows that e does not vanish on 
the Bore1 classes, by which we mean the elements of infinite order in Kz, + i(C) coming from 
the torsion-free part of the algebraic K-theory of the ring of integers in a number field. We 
show in Section 2 that e vanishes on products. It follows that the Bore1 classes are 
indecomposable in K,(C). 
Now K,(C) is C”, the non-zero complex numbers with the group structure given by 
multiplication; additively, this is just C/Z and it is elementary to check that e : K,(C) + C/Z 
is an isomorphism. According to Suslin [20], K 2n+ 1(@) = Q/Z 8 F where F is a uniquely 
divisible group. We verify in Section 2 that the homomorphism e : Kz,+ l(C) + C/Z gives an 
isomorphism of the torsion summand with Q/Z; this is also proved in [14]. Thus, we know 
that e is an isomorphism on K,(c), it detects the torsion in Kzn+ 1(@) and the Bore1 classes, 
and it vanishes on products. 
The first example we consider in detail is the case where X is a compact hyperbolic 
3-manifold equipped with its metric of constant curvature - 1. The universal cover of X is 
then the 3-dimensional hyperbolic space x3 and x1(X) acts on Z3 by isometries. Since the 
isometry group of x3 is PS&(@) this defines a homomorphism rrl(X) + PSI,,(@). Now 
X is a spin manifold and there is a one-one correspondence between spin structures on 
X and lifts of this homomorphism to S&(C). Choose a spin structure on X, corresponding 
to the homomorphism a: x1(X) + S&(C), and let D be the Dirac operator on X defined by 
this spin structure. The following theorem is proved in Section 4. 
THEOREM B. 
p(cr, D) = ;CS(X) - &01(x). 
It follows from Theorem A that a compact hyperbolic homology 3-sphere determines an 
element of infinite order in K&). Note also that Theorem B shows that, in general, the 
volume and Chern-Simons invariant of a hyperbolic 3-manifold are determined by the 
topological invariant [X, 011 EK&(X; C). 
In [21] there are various conjectures concerning the structure of the K-theory of fields. 
It seems to be an interesting problem to try to determine xactly how much of the K-theory 
of @ is detected by the e-invariant. In view of Theorems A and B this problem is related to 
determining the values of the volume and Chern-Simons invariant of hyperbolic 
3-manifolds. 
Now we describe in detail the results we obtain by computing e on the classes in 
K-theory defined by Seifert homology spheres. Let (aI, . . . ,a,) be an n-tuple of pairwise 
coprime integers. The Seifert homology 3-sphere C(al, . . . , a,) is a 3-manifold which admits 
an action of the circle S’ which is free except for n exceptional orbits which have isotropy 
groups C,, , . . . , C,,. Here C, c S’ is the cyclic group of order m embedded in S’ as the mth 
roots of unity. The most famous examples are the Brieskom homology 3-spheres C(p, q, r), 
where (p, q, r) are pairwise coprime integers, which are given explicitly by 
C(p,q,r) = {(z1,z2,zJz; + z”z + zj = O} nS5 c c3. 
The fundamental group of Z(al, . . . , a,) is easily computed and can be described as follows. 
Let T(a,, . . . ,a,) be the generalised triangle group defined in terms of generators and 
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relations by 
T(a,, . . . ,a,) = (Xl, . . . ,XnlX4’ = ... = Xi” = x1. . . X” = 1). 
This group is perfect and 
H2(T(ul, . . . ,a,); Z) = Z. 
So it has a universal central extension F(u,, . . . ,a,) which fits into an exact sequence 
1 +C, -+ T(q,. . . ,a,)+ T(q,. . . ,a,)+ 1 
where C, is an infinite cyclic group. In terms of generators and relations, 
@Xi, . . . ,a,) = (h,Xl, . . . ,X,I[Xi,h] = 1,x(;’ = Kbl, . . . ,x2 = Kbn,xl. . . X” = P”) 
where h is a generator of the centre of @ri, . . . ,a,). The bi satisfy the relation 
a, . ..a. ( -ho+:+...+; cl, > 
and, for 1 I i I n, bi is unique modulo ai. It is not difficult to check that 
rci(C(Ui, . . . ,a,)) = F(Ul, . . . ,a,). 
Let cc:rc,(C(u,, . . . , a,)) + CL,(@) be a representation; since rrl(X(ul, . . . , a,)) is per- 
fect every complex representation c1 must have image in SL,(C). We restrict attention to 
those representations in which the central element h acts as a scalar multiple of the identity. 
This is certainly the case if the representation is irreducible (that is has no invariant 
subspaces) and so, since [E,cri @ ~(~3 = [&ail + [E,cr2] our results apply to any repres- 
entation which is a direct sum of irreducibles. There are indecomposable representations of
R(%l, . . . , a,)) in which the central element does not act as a scalar so our methods do 
not cover all examples. 
Assuming that a(h) = A.,,Z where A,, is a scalar, then, since a(h) ESL,(C), it follows that 
;Ih = i’N” 
is an Nth root of unity. We always use the notation cd = e2niid EC for the standard primitive 
dth root of unity. Now consider the matrices 
Ct(Xj), j= 1,. ..,tl. 
In view of the relations xi”j = h-‘j in nl(X(ul, . . . ,a,)) it follows that the eigenvalues 
Mj), . . . ,1,(j) of a(xj) must satisfy the equation 
&(j)Pj = libj. 
There are aj roots of this equation and we define Sk(j) by 
l,(j) = c$(j)-bjrh. 
We refer to the numbers 
as the type of the representation a. 
THEOREM C. Let a:a,(C(u,,.. . , a,)) -+ SL,(@) be a representation of the fundamental 
group of the Seifert homology sphere X(ul, . . . ,a,) in which the central element h acts us 
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a scalar multiple of the identity. Let 
be the type of the representation u; then 
2N%(e[X(a,, . . 
where a = a, +.. a,,. 
j=l k=lI=l 
This theorem is proved in Section 5. We have not been able to give a general formula 
for the imaginary part of e[C(ai, . . . , a&a]. However J(e[Z(a,, . . . ,a,), a]) = 0 if a is 
unitary or isomorphic to its complex conjugate and this allows us to show that 
3(eCVal, . . . , a,), a]) = 0 in many cases. 
We now turn to the question of determining precisely which elements in K-theory can be 
constructed using the Seifert homology 3-spheres. In view of the formula in Theorem C this 
amounts to finding representations with specified type. By no means all is known about 
representations of nI(E(a,, . . . , a,)) but we are able to find enough representations to prove 
the following results. 
THEOREM D. Every element in KS(@) ofjnite order is of the form [Z(p, q, r), a] for some 
representation 01: nI(Z(p, q, r)) + SL,(@). 
Now let Z[cd] be the ring of algebraic integers in the cyclotomic field Q&). Then by 
combining the results of Bore1 [7] and those of Merkurjev and Suslin [17], and Levine Cl63 
we know that 
where 
w*(d) = lcm(24,2d) 
and r2 is the number of complex places of Q&). In particular, note that if (6, d) = 1 the 
torsion subgroup of K@[[,,]) is exactly 7/24d. 
THEOREM E. Zf (6,d) = 1 there is a representation a: 7r1(C(2, 3,d)) + SL,(Z[[,]) such 
that the element [X(2,3, d), a] E K&T [cd]) is a generator of the torsion subgroup. 
Theorems D and E are proved in Section 6. As an example of this last result, let 
P = X(2,3,5) be the Poincart 3-sphere. Then its fundamental group, the binary icosahedral 
group, is a subgroup of SU(2) and the matrices which occur in this subgroup can all be 
chosen to have coefficients in the ring Z[cJ. This gives a representation c( of xi(P) in 
SL,(7[5,]). It is not difficult to check that Theorem C gives the following result: 
From this it follows that the class in K3(Z[cs]) defined by the most obvious representation 
of ni(P) gives the generator of the torsion subgroup of K3(Z[cS]). 
The rest of the paper is set out as follows. In Section 1 we summarise, from the papers of 
Atiyah et al. the basic theory of the q-invariant and explain how to define and compute 
p(a, D). In Section 2 we show how to calculate e using the n-invariant and prove Theorem A. 
We also prove the basic properties of the e-invariant. In Section 3 we relate the e-invariant 
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to the Bore1 classes and the Chern-Simons classes. Much of the material on the definition 
and properties of e in Sections 2 and 3 is well-known or folklore but we have chosen to give 
an essentially self-contained account for the sake of completeness and clarity. Our approach 
to the e-invariant is firmly based on Karoubi’s work [14]. In Section 4 we consider 
hyperbolic 3-manifolds and prove Theorem B. In Section 5 we prove Theorem C and in 
Section 6 we consider in detail the representations of ~~(E(p,q,r)) in S&(C) and prove 
Theorems D and E. Related computations for representations in SU(2) are carried out in 
Clll. 
1. THE q-INVARIANT AND THE CHERNSIMONS CLASSES 
In this section we summarise, from [24], the properties of the Atiyah-Patodi-Singer 
q-invariant which we need. Let A : Cm (E) + C”(E) be an elliptic differential operator acting 
on sections of a smooth vector bundle E on a closed Riemannian manifold X. We assume 
that E has a metric and that the symbol of A is self-adjoint. Thus, A is a compact 
perturbation of a self-adjoint operator. The q-series of A is defined by 
lj(s;A)= 1 A-“- 1 ( -qs, SEC 
W(1) >o B(I) co 
where the sum is taken over the eigenvalues of A. Here A-” denotes the branch Il(-“exp(is 
arg IZ) where ?rr < arg < $t; in particular, ( - 1)” = exp( - rtis). 
In the case where A is self-adjoint he detailed analytical properties of this q-series are 
discussed in [2, Section 21, [4, Section 21, and [12, Section 1.101. The extension to the case 
where A has self-adjoint symbol is more-or-less routine since the estimates used in the 
proofs come from Seeley’s paper [19] and these estimates can be applied to any pseudo- 
differential operator whose symbol has no eigenvalues on a fixed line through the origin in 
the complex plane; a ray of minimal growth in Seeley’s terminology. In particular, if A has 
self-adjoint symbol we can take this ray to be the imaginary axis and use Seeley’s estimates. 
This q-series converges for s(s) sufficiently large and the q-function of A is defined on 
the whole complex plane by analytic continuation. Thus, q(s; A) is a meromorphic function 
of the complex variable s. 
There is a refinement of the q-function which takes account of the imaginary eigenvalues 
of A. If A is self-adjoint hen let h be the dimension of the null-space of A. In the general case, 
where A has self-adjoint symbol, there are only finitely many imaginary eigenvalues and h is 
defined as follows. For any eigenvalue A the generalised eigenspace of 1 is ker(A - n)L for 
sufficiently large L. The integer h is defined to be the sum of the dimensions of the 
generalised eigenspaces with imaginary eigenvalues. The function <(s; A) is now defined by 
H&4= 
h + ?(s; 4 
2 
Now suppose that, in addition, we are given a representation a: nl(X) + GL,(C). Then 
a defines a flat bundle I$ over X and using the flat connection on V, we can couple the 
operator A to V, to get an operator 
A,:C”(E@ V,)-+C”(E@ v,). 
This operator still has self-adjoint symbol and we can use the preceding constructions to 
obtain the functions 
v(s; a, 4 = 4-b; 41, 6% a, 4 = t(s; 4) 
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and their reduced versions 
f(s; a, A) = q(s; a, A) - Nq(s; A), f(s; a, A) = l(s; a, A) - IV<@; A) 
where N is the dimension of the representation a. 
Now, arguing as in [4, Section 23, it follows that both +(s; a, D) and F(s; a, D) are finite 
when s = 0, and that if we reduce modulo Z then 
f(a, A) = ;i(O; a, A) EC/Z, ?(a, A) = f(0; a, A) E C/Z 
are homotopy invariants of A. Following [3, Sections 2 and 31 we define 
p(a, A) = &O; a, A) EC/Z. 
This is the invariant which can be used to compute e: K,,,, 1(@) + C/Z as we show in 
Section 2. 
The Chern-Simons classes are closely related to the q-invariant and provide a co- 
homologoical way of computing p(a, A). In order to establish notation and terminology, we 
briefly review the definition of these classes, see [9]. Let G be a Lie group with Lie algebra 
g and let Sk(g*)’ be the G-invariant subspace of the kth symmetric power of the co-adjoint 
representation of G. An element P of Sk(g*)‘, which is usually referred to as invariant 
polynomial on g, defines a characteristic lass P, of degree 2k, by the Chern-Weil construc- 
tion and a secondary characteristic class TP, of degree 2k - 1 by the Chern-Simons 
construction. To define TP, let Q be a principal G-bundle over X and let V(t) be a path of 
connections on Q. Then V(t) defines a connection V on the bundle Q x 1. Now let P(V) be the 
curvature of V. Then we can construct the characteristic form 
P(V) = P(F(V), . . . ,F(V)) EcP(X x I) 
and the secondary Chern-Simons form 
TP(V) = ~~.(P(F(V)))ER’~-~(X) 
where n: X x I + X is the projection and rr, is integration along the fibres of A. This 
Chern-Simons form has the property that 
dTP(V) = P(V(l)) - P(V(0)) eRZk(X). 
It is clear that this construction can be applied to any connection on the bundle Q x I. 
Suppose now that the principal bundle is the flat bundle Q,, associated to a representa- 
tion a : zl(X) + G and in addition we are given a smooth trivialisation s of QOI. n this case 
we can apply the Chern-Simons construction to the straight line of connections 
V(t) = ts*d + (1 - t)V, 
where d is the product connection on the product bundle X x G and V, is the canonical flat 
connection on Qa. Since both s*d and V, are flat it follows that dTP(V) = 0. By definition 
TP(a, s) = TP(V) and since TP(a, s) is closed we get a cohomology class 
TP(a,s) EHZkml(X; R). 
The classes TP(a,s) can be computed in terms of Lie algebra cohomology as follows. 
Recall that the Lie algebra cohomology of G is the cohomology of the Koszul complex 
(A*(g*),d). Given P we construct the Lie algebra cocycle 
rP(al, . . . ,a2k-1) = 
1 
f2k _ 1)! nEx~k_, sign(~)P(~,(1),[~,(2),~,(3~1, . . . ? C”n(2k-2),un(2k-l~l). 
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This Lie algebra cocycle defines a closed invariant form on G still denoted by rP. Now 
Qol=X”x,G 
where x” is the universal cover of X; therefore, 
Q’ (Qa) = n’(x x G)” 
where the superscript 71 means II = x,(X)-invariant forms. The invariant form rP on 
G defines a x-invariant form on 2 x G and therefore a form rP(a) ER”-~(Q~). Now the 
trivialisation s of QOI can be identified with a smooth section s : X + QOI and we define 
zP(a,s) = s*(tP(a)) ERzkel(X). 
The Maurer-Cartan form g - ‘dg on G extends to a x-invariant g-valued l-form 8 on Qb; this 
is the flat connection on Qa considered as a Lie algebra-valued l-form. An equivalent way of 
defining TP is 
rP(a) = rP(8, . . . ,6) ~n’~-r(Q~). 
The forms zP(a, s) and TP(a, s) are related by the formula 
Tp(a s) = (- l)‘-‘W - 1Y 
, 2k-'(2k _ I)! tP(a9s)y 
compare [9, p. 53,(3.5)]. 
For example, we can consider the complex-valued invariant 
algebra gI,(C) of CL,(@) given by 
polynomial sk on the Lie 
skh, * . . ?ak)=j!$ 1 trhl)-. h(k) . ) 
* IT& 
The component in degree 2k of the Chem character is the characteristic lass associated to 
the invariant polynomial 
Chk = L 
U 
k Sk 
2x E’ 
In terms of connections, 
The Chern-Simons form Tchk(a) •f’l’~-~(Q~; a=) associated to the Chem character chk is 
given by the formula 
TChk(a) = ( - I)‘-’ 
where 6 is the flat connection. 
These Chern-Simons classes give a cohomological formula for p(a, A) in the case where 
Q. has a smooth trivialisation. The self-adjoint elliptic operator A on X defines an element 
[A] E K,(X) where K,(X) is topological complex K-homology, compare [a]. Indeed K,(X) 
can, essentially, be defined to be homotopy classes of self-adjoint elliptic operators. We can 
now apply the Chem character in K-homology ch : K,(X) + Hodd(X; C) to get 
44 E&&X; a=). 
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The following result follows from the cohomological formula (6.3) of [4, p. 911. 
THE INDEX FORMULA FORFLAT BUNDLES. Let a be a representation ofq(X) in GL,(@) 
such that the associatedPat principal bundle Q. is topologically trivial and let s be a section of 
QOI. Let A be a self-adjoint elliptic operator on X; then 
p(a, A) = (Tch(a, s), ch(A)) E C/Z. 
If s’ is another section of QOI then the difference 
(Tch(Qa, s),4W - (TWQ,, s’),cW)) E @ 
is an integer since it is the index of an elliptic operator on X x S’. More explicitly, we use the 
trivialisations s, s’ of Q to define a single principal GL,(@)-bundle Q over X x S’ in the 
standard way. Now let W be the associated CN bundle and form the elliptic operator 
D=&+A 
on X x S’. Then the Atiyah-Singer index formula gives 
ind Dw = (Tch(P,, s), ch(A)) - (Tch(P,, s’), ch(A)). 
2. THEe-INVARIANTINALGEBRAIC K-THEORY 
In this section we discuss the homomorphism e : K&(X; C) + K’(X&. Here, as in the 
introduction, K&(X; C) = [X, Z x BGL+(@‘)] and K’(X)c,z is topological complex K- 
theory with coefficients in the abelian group C/Z. We show how to compute the pairing 
(a, A) I-+ p(a, A) in terms of e and thus prove Theorem A. Finally, we prove the basic formal 
properties of e; in particular, we examine the behaviour of e on products and show that 
e detects the torsion in K,(C). 
We begin by describing the construction of e, following Karoubi [14, Ch. VII]. To do 
this we need explicit ways of defining the groups K&(X;C) and K’(X&; we start with 
K&(X; C) or more generally 
K&(X; R) = [X; K,,(R) x BGL+(R)] 
where R is any ring (with unit). Let 
Rep(n,(X); GL(R)) 
be the monoid of isomorphism classes of representations of x1(X) in the infinite general 
linear group of R. Since GL(R) = lim GL,(R), where the limit is formed using the standard 
inclusions of GL,(R) + GL,+l(R), each element of Rep(xi(X); GL(R)) is determined by 
a representation xi(X) + GL,(R) for some n. However, representations of dimension n and 
m are equivalent if they are equivalent in GLN(R) for some N > n, m. The monoid structure 
on Rep(n,(X); GL(R)) is defined by direct sum. 
A representation of xi(X) in GL(R) gives a map X + BGL(R) and composing with the 
map BGL(R) + BGL(R)+ gives a natural homomorphism of monoids 
Rep@,(X); GL(R)) --f K&(X; R). 
This homomorphism has the following universal property, compare [18]. If F(X) is 
a representable group-valued homotopy functor defined on the category of finite CW 
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complexes X and 
@ : Rep(zi(X); CL(R)) + F(X) 
is a natural transformation of monoid-valued functors, then there is a unique natural 
transformation of group-valued functors 
6 : K&(X; R) -+ F(X) 
which makes the following diagram commute: 
Rep@,(X); GUR)) 5 F(X) 
1 II 
K&(X; R) T F(X). 
This universal property expresses the precise way in which the functor Rep(zl(X); CL(R)) 
generates the functor K&(X; R). It is not the case that K&(X; R) is generated as a group by 
the elements of Rep(lt,(X); CL(R)) as the case of X = S” shows. 
There is a more concrete way to describe K&(X; R); see [14, Ch. III]. An element of the 
reduced K-theory [X; BGL+(R)] is given by a homology equivalence Y + X together with 
a representation p of n,(Y) in CL,(R) for some n. Two such pairs ( Yl, pl), (Y,, pz) give the 
same element of [X; BGL+(R)] if there is a diagram of homology equivalences 
Y, - x 
which is commutative up to homotopy, and a representation pz of ICY in CL,(R) such 
that for i = 1,2 the representations 
are stably equivalent o pi. 
Now we give a careful geometric construction of K’(X)c,z essentially as Karoubi’s 
multiplicative K-theory for the Banach algebra C, see [14,15]. Recall that the basic 
property of K'(X),,z is that it fits into the following long exact sequence: 
. . . -+K'(X) + K'(X), + Ki(X)c,z + K'-'(X) + K'-'(X), + ..., 
Here we are using the notation K'(X), for complex topological K-theory with coefficients 
in the abelian group A. Now the Chern character gives a natural isomorphism 
ch : K'(X), + H'(X; C) where H-(X; C) is Z/2-graded by even and odd degrees. Therefore, 
in homotopy theoretic terms, K1(X)c,z can be defined as follows. Let F(ch) be the 
homotopy theoretic fibre of the Chern character considered as a map 
ch: Z x BGL(@) + fl K(@, 2n) 
ll>O 
where K(@,2n) is an Eilenberg-McLane space; then 
K’(X)c,z = Cx,~W)l. 
In particular, the functor K'( -)c,z is representable. 
Suppose now that X is a smooth compact manifold possibly with boundary. Consider 
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triples 
8 = ((K V,), (F, V,), 0) 
where E, F are complex vector bundles on X equipped with connections VE, VF and o is 
a differential form of odd degree on X such that 
do = ch(V,) - ch(V,). 
Here, for any connection V, A(V) = tr(eiF(v)i*n) where F(V) is the curvature of V. Thus, 
ch(V,),ch(V,) are the Chern-Weil representatives for the Chem character of E and F. We 
identify two triples l,d’ if, in the obvious notation, w’ = cr) + dq. 
There is a natural sum operation 
8 0 6’ = ((E @ E’, V, 0 V,.), (F 0 F’, V, 8 V,,), o + w’). 
This operation is associative and commutative and it has a zero given by taking E = F to be 
the trivial zero-dimensional bundle and w = 0. 
Next we define the notion of equivalence N between triples. First we say what it means 
for 8 to be equivalent o the zero element 0. Let V be a vector bundle over X x I equipped 
with a connection V,. Now we can use the Chern-Simons construction on Vv to obtain 
a form Tch(V”) on X with the property that 
dTch(V,) = ch(V,,) - ch(V,,), 
where V; = i:(V) and V,, = if(&). Now we say that 
(6% VE), (F, vd, 0) - 0 7 
if there is a vector bundle I/ over X x I with connection V, such that 
(E, V,) = (K,, V,,), (F, V,) = (k-i, V,,), 0 = TMVY). 
Given a triple d = ((E,Vz), (F, V&w) define - 8 by the formula 
- 8 = ((F, VA, (E, VA - 0). 
Now define the general notion of equivalence by 
d~b’Ob-b’~O. 
We use the notation [&I] for equivalence classes. 
THEOREM 2.1. The equioalence classes of triples [(E, V,), (F, V,), o] form an abelian group 
naturdy isomorphic to K’(X)cim. 
For the proof, see [14, Ch. VII]. Note that [(E,VE),(E,V’),O] = 0 and - [S] = [ - 8-j. 
In these geometrical terms the maps in the exact sequence 
... -+K’(X) &Pd(X; C)P K’(X),,, J...+KO(X)A+H”‘“(X)c -+ . . f 
are defined as follows. The map p is given by 
P(CP) = [to, 01, (0, Oh ~1, v E Qodd(X; Q, dv = 0 
and /I by 
BC(E, V& (F, VF), 01 = [El - CFI 9 
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where [El, [F] are the classes of the vector bundles E, F in K’(X). It is not difficult to verify 
that the above sequence is exact; see [14, Ch. VII] for the details. 
Now we define e : Rep(rcr(X); CL(C)) + K’(X) cp. Given a representation a: x1(X) + 
CL,(@) define 
e(a) = C( 6, V,), (n, d), 01. 
Here V, is the flat vector bundle determined by a, V, is the flat connection on V,, n is the 
trivial bundle of dimension n = dim a, and d is the product connection on this trivial bundle. 
This homomorphism is obviously natural with respect o smooth manifolds and smooth 
maps. By using the standard arguments of replacing a CW complex by a homotopy 
equivalent manifold and approximating any continuous map by a smooth map, we can 
extend e to a natural transformation of functors defined on the category of finite CW 
complexes and continuous maps. We can now apply the universal property of the natural 
homomorphism Rep(n,(X); CL(@)) + K&(X; C) to the natural transformation of functors 
e: Rep(z,(X); CL(C)) + K’(X& to get the required extension 
In the case where X = S”, 
e : K&(X; C) + K’(X)c,z. 
K1(Srn)c,z = 
C/Z if m is odd, 
o if m is even, 
and so we get the secondary Chern character Kz,+ 1 (C) + C/Z. 
Next we explain how to compute the invariant p(a, A) described in Section I in terms of 
e. The self-adjoint elliptic operator A on X defines a class 
CA1 EKIW). 
There is an obvious pairing 
(,> : K,(X) x K’W)c,z -, W., 
and the following theorem, which is a restatement of Theorem 5.3 of [4], shows how to 
compute p(a, A) in terms of e and this pairing. 
THEOREM 2.2. 
Aa, 4 = ( [Al, 44). 
We now prove Theorem A in the Introduction. In the case where X = E is a homology 
(2n + l)-sphere we know that 
K,(C) = K’(C) = Z, K’(E),,, = K’(2) @ C/Z = C/Z. 
Furthermore, we also know that the class [O] E K,(Z) = Z defined by the Dirac operator is 
a generator. Theorem A now follows. 
Next we derive the formal properties of e. First we prove the following theorem. 
THEOREM 2.3. There is a commutative diagram 
KG; (X ; @)z,n i K - ‘(Wz,, 
Bl 1 j
f&(X; ‘Q y K - l(X)c,z 
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where fl is the Bockstein homomorphism in the long exact sequence dejined by the exact 
sequence of coeficients, and i,j are the natural homomorphisms. 
Note that up to now we have not distinguished between K’(-)eln and K- l(-)ejH because 
of Bott periodicity. However, Theorem 2.3 involves algebraic K-theory and so in the 
statement we must use Kay: . m the exact sequence of algebraic K-groups defined by the exact 
sequence of coefficients; therefore, we use the same notation for topological K-theory. By 
combining this theorem with results of Suslin we obtain the following corollary. 
COROLLARY 2.4. The homomorphism e : Kz, + 1 (62) + C/Z defines an isomorphism of the 
torsion subgroup of Kz. + 1(C) with Q/Z. 
Proof: Suslin proves that i: K,i,‘(S’“+ ‘; C),,, + K- ‘(S’“+ l)z,nt is an isomorphism and 
that the torsion in K&(Sz”+‘; C) is isomorphic to Q/Z, see [20, Corollary 4.6, Theorem 4.91. 
The commutative diagram in Theorem 2.3 shows that the restriction of e to the torsion 
subgroup of K$,(S2”+‘; C) is injective and has image Q/Z. 0 
Proof of Theorem 2.3. Recall that K-‘(X),,, can be realised as homotopy classes of 
pairs (E, cp) where E is a vector bundle over X and cp is a trivialisation of mE. Similarly, we 
can define Rep@,(X); CL(@)),,, to be isomorphism classes of pairs (a,~) where a is 
a representation of nr(X) in CL(C) and s is a trivialisation of ma. Then the functor 
Rep(n,(X); CL(@)),,, generates the functor Ka&’ (X; U&,, in exactly the same way that 
Rep(nr(X); CL(C)) generates K&(X; C). The homomorphism i is given in the obvious way 
iCa,sl = CK,sl 
where V, is the flat bundle defined by a. 
The homomorphism j is given by the following procedure. Given (E, q) we first pick 
a connection V, on E and now define a triple 
((~7 V,), (n, d), Tch(V)lm) 
where n = dim(E), and V is the path of connections (1 - t)d + trp*(Vt) on the trivial bundle 
of dimension nm. The homotopy class of this triple does not depend on the choice of 
connection since if V, and Vl, are two connections the straight line of connections gives 
a homotopy between the triples d and 6’ up to an exact form. 
It is now a completely routine exercise to verify Theorem 2.3 from the definitions. q 
Next we consider products. There is no natural ring structure on K’(X)+ its product 
structure comes from the fact that it is a module over K’(X). We explain how to construct 
a natural pairing 
K’(X)c,z 0 K’(Y) -+ K’(X x Y),,z 
which will be denoted simply by 8. Let ((E, V,), (F, V,), o) be a triple defining an element in 
K’(X),,, and let V be a vector bundle over Y. Pick a connection V, on V. Then 
v,@l+lov”, v,@l+lov” 
define connections on E @I V and F @I V and furthermore 
ch(V, @ 1 + 18 V,) = ch(V’) @ ch(V,) 
ch(VFO1 + l@V,)=ch(V,)Och(V,). 
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Since dch(V,) = 0 it follows that 
d(o @ ch(V,)) = (ch(Vz) - ch(V,)) @ ch(V,) 
and so 
C(~~~,v*‘E~++1~“),(~~~V,VF~‘++1~”),~~c~(V”)l 
defines an element in K’(X x Y&. This element does not depend on the choice of 
connection V, since if V, and V; are two connections on V the forms ch(V,) and ch(V;) differ 
by an exact form. 
The tensor product of representations induces a product 
X&(X; C) 63 K&(Y; C) + K&(X x y; C) 
and next we analyse the effect of e on products. 
THEOREM 2.5. For x E K&(X; C) and y E K$,( r; C), 
e(x 63 y) = e(x) 69 i(y) + dim(x)e(y) = i(x) @I e(fi + e(x)dim(y). 
Here i : K&J -; C) + K”( -) is the natural homomorphism and dim : K&(X; C) + 
K&(pt; C) = Z is the augmentation. The products e(x) @I i(y) and i(x) @I e(y) are dejned 
using the maps K’(X)cjz @ K”( I’) + K’(X x Y)clz and K’(X) 63 K’( I’,& + K’(X x Y)C,z 
constructed above. 
As usual we can construct internal products from these external products using the 
diagonal map. In the case where X = S” the homomorphism i : K$,(S”; C) + K’(Y) is zero 
on 
K”&(S”; C) = ker(dim : K$(X; C) -P K$,(pt; C)) 
and so we immediately deduce the following corollary. 
COROLLARY 2.6. The homomorphism e : Kz,+ 1 (42) + C/Z vanishes on non-trivial prod- 
ucts; e(xy) = Ofir all x,y EK,(C) with strictly positive degree. 
Note that combining Corollaries 2.4 and 2.6 shows that the torsion in Kzn+ 1(C) is 
indecomposable. 
Proof of Theorem 2.5. Suppose that a : x1(X) + GL,(@) and /I : x1( Y) + G&,,(C) are 
representations. Let V, and V’ be the flat connections on the flat bundles V, and J$ defined by 
a and /I, respectively. Then the definitions give 
e(~@B)=C(K@I$,V,631 + l@V&(w4,01, 
e(a)~i(B)=C(~~~,~~l++1V~),(n~~,d~1+1~V~),Ol 
n@e(B) = C(n@ G,d@ 1 + 1 @Vb),(n@m,d@l + 1 @d),Ol. 
It follows that 
e(x 8 8) = e(a) @ i(B) + n @e(B) 
and this proves Theorem 2.5 on Rep@,(X); GL(@)) x Rep(q( I’); GL(@)). 
To complete the proof we use the universal property of the homomorphism 
Rep&(X); GUC)) -, K&(X; C) 
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in the following way. First we hold /I fixed and apply the universal property to the natural 
transformation of functors 
Rep(ni(X); GW)) + K’(X x I’&, a He(a 63 B). 
This shows that Theorem 2.5 is valid on K&(X; C) x Rep@,(Y); CL(@)). Now we fix 
x E K&(X; C) and once more apply the universal property to the natural transformation of 
functors 
Reph(Y); GW)) -+ K’(X x YICjh, P H 4x 63 B) 
and this then proves Theorem 2.5. 0 
3. THE BOREL CLASSES 
In Section 2 we described the homomorphism e : K&,(X; C) + K ‘(X&. Taking imag- 
inary parts gives a homomorphism of groups C/E --+ [w and therefore a homomorphism 
J:WX)c,*+ K’(X),. Using the Chern character we get an isomorphism 
ch:K’(X)u-+ Wdd (X; Iw). The object of this section is to identify the composite 
chc~Joe:K&(X; C)- Hodd(X; Iw) 
with the homomorphism given by the Bore1 classes. The relation between e and the Bore1 
classes is described in [14, Ch. VII]. For completeness and clarity, and also because we will 
need some of the details later, we give a complete proof. 
To begin with we briefly discuss the Bore1 classes; see [7]. Let G be a Lie group and let 
C:(G) be the vector space of smooth functions GP --* Iw. The coboundary operator 
6 : C,P(G) + Ci+l(G) is given by the usual formula from group cohomology and the smooth 
cohomology of G is defined by 
H;(G) = H;(G; [w) = H’(C;(G), 6). 
Given a smooth p-cochain f: GP + R the derivative of f at the identity is a Lie algebra 
p-cochain on the Lie algebra g of G. This construction defines a homomorphism of cochain 
complexes j: C;(G) + A*(g) where A’(g) is the Koszul complex for computing the Lie 
algebra cohomology of g. This is an edge homomorphism in the van Est spectral sequence 
Etjpq = HP(G) @ H;(G) a HP+q(g) 
where H’(G) is the de Rham cohomology of G, compare [8, Ch. IX]. 
From the van Est spectral sequence it follows that H;(GL”(C)) is an exterior algebra 
over R generated by classes bzk_ 1 E H~k-l(GL,(@)); 
H;(GL,(@)) = Ew[bzk- 1 : 1 I k I n]. 
The bzk _ 1 are primitive in the following sense. Direct sum gives a smooth group homomor- 
phism CL,(@) x CL,(@) + CL,+,(@). This induces a coproduct in smooth cohomology 
ti : H;(GL+m(@)) + H;(GLW)) @ HXGLd@)) 
and +(bzk-1)=&-1@1 + l@bzk-l. Here we are adopting the convention that 
b2k-l = 0 in H;(GL,(@) if k > n. In the case where G = CL,(@) the van Est spectral 
sequence collapses and so 
j : H;(Wd@)) * fWd,(Q) 
is injective. It is important to be clear that here we mean the Lie algebra cohomology of 
gI,(@) considered as a real Lie algebra. 
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To normal& the Bore1 classes we use the map j : H~(GL,(@)) + H*(gI,(@)). It is well- 
known that the Lie algebra cohomology of gl.(@) considered as a complex Lie algebra is an 
exterior algebra over C; 
H’,(&(@)) = Ec[zsl: 1 I k I n], Z2k-1 EHF-~(~I,(C)). 
In the Koszul complex, zrk- 1 is given by 
ZZk-l(&, . . . ,aZk-I) = 
1 
t2k _ 1)! J_, sign(~)tr(~~(l~ . . . an(h- 1)) 
and z2k _ 1 is primitive in the same sense as the Bore1 classes. In fact, it is more convenient o 
work with the class 
w2k-l = ikrzk_r = XZk_r + iJ&_r. 
The real part x2k _ I and imaginary part y2k _ 1 of wgk _1 define primitive classes in H*(gl,(@)) 
and 
H’(gl,(@)) = &[xzk- 1, y,,- 1: 1 2 k 2 n]. 
The homomorphism j : H~(GL,(@)) + H’(gl,(C)) is injective and its image is the exterior 
algebra generated by the yi. This is proved by a standard argument using the van Est 
spectral sequence. We normalise the Bore1 classes b2k _ 1 by the formula 
j(&-1) = y2k-1. 
The b2k _ I give cohomology classes in H 2k-‘(BGL,(@6); IX) and therefore characteristic 
classes in the algebraic K-theory of @. In particular, we can form the total Bore1 class 
b = f b2k_1:K&(X; a=)+ Hodd(X; R) 
k=l 
and the fact that the b2k_ 1 are primitive shows that b is a homomorphism. 
In this section we prove the following theorem. 
THEOREM 3.1. The composite 
G,W; @l-f--+ wmc,z -A K'(X), ” - HOdd(X; W) 
is equal to 
b2k- 1 : K&(X; c) + Hodd(X; R). 
It is clear from the index formula for flat bundles and Theorem 2.4 that e is related to 
Chern-Simons classes and the proof of Theorem 3.1 follows by relating the Chern-Simons 
classes to the Bore1 classes. We formalise this using relative K-theory; this is not strictly 
necessary but relative K-theory is a good general framework for studying secondary 
characteristic classes since it gives a K-theoretic classification of flat bundles with 
a topological trivialisation. 
Relative K-theory, K:,,(X; C) is defined, for example, in [14]. It fits into an exact 
sequence 
. . . + K’-‘(X) + Kf,,(X; C) + K$,(X; C) + K’(X) + . . . . 
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There is a natural map 
CL,@?) + CL,(@) 
and the homotopy theoretic fibre of this map is the group CL:‘(C). Its classifying space 
BGL;‘(@) is a classifying space for flat bundles with a topological trivialisation. We can 
take a limit over n and apply the plus construction to form BGL’“‘(@)+. There is a fibration 
BGLre’(@)+ --f BGL(U?)+ + BGL(@). 
Now KR,(X; C) is defined to be 
Z&(X; C) = [X, BGLre’(@)+]. 
This functor extends to a cohomology theory and the exact sequence of relative K-theory 
comes from the above fibration. The group K$(X; @) is related to the monoid of flat 
bundles equipped with a topological trivialisation in exactly the same the way that the 
group K&(X; 6) is related to Rep(zi(X); C). 
It is straightforward to check that the Chern-Simons classes Tch give a natural 
homomorphism 
2% : Kfe,(X; C) + rPyX; C). 
The relation between e and Tch is given by the following theorem. 
THEOREM 3.2. The following diagram commutes: 
. . . - K1(X) - K:,(X; C) - K:,,(X; @) - K’(X) 
II Tch 1 el II 
. . . + K’(X) +!+ H”dd(X; 42) - K 1 (X k/z - K’(X) 
Here the top row is the exact sequence of relative K-theory and the bottom row is, after 
identifying Hodd(X; U2) with K’(X), using the Chern character, the exact sequence for 
K’(X)c,z. 
Proof: We will only prove the commutativity of that part of the diagram we actually 
need, that is the square 
Hodd(X; a=) - K’(X),, 
Thus, we must prove that given a representation a: 7cl (X) + CL,(C) and a trivialisation s of 
the flat vector bundle V, then 
C(K, VA, (n, 4, (31 = Ch 4, h 4, Tch(V,, 41 
in K l(X),,. To do this we use the trivialisation s to replace [(V,, V,), (n, d), 0)] by 
[(n, s*(V,)), (n, d), 01. Now we use the straight line of connections V(t) = td + (1 - t)s*(V.) 
to define a connection V on the trivial n-dimensional bundle on X x I. Let n : X x Z + X be 
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the projection and let rc* be integration along the fibres of n; then by definition, 
T&(a) = x,(&(V)). The result now follows from the definition of the equivalence relation 
used to define K ‘(X)c,z. cl 
Now to deduce Theorem 3.1 from Theorem 3.2 we relate the Chern-Simons classes and 
the Bore1 classes. As in Section 1, let sk be the invariant polynomial 
on g&(C) = M,(C), the Lie algebra of GL,(C). Thus, the characteristic lass defined by sk is, 
up to a constant given in Section 1, the component in degree 2k of the Chern character. 
First, in the notation established in the discussion of Chern-Simons classes in Section 1, we 
compute the Lie algebra cohomology classes rsk E H’(gI,(C)). 
LEMMA 3.3. 
rsk = 2k- ‘ZZk- 1. 
Proof: Let I,_, be the wreath product (Z/2)k-‘~&_1 c &k-2. Note that 
1 
s&r,. . . ,a,) = ~ 1 tr(alan(2j . . . aa( 
(k - I)! ncxk_, 
and so calculating from the definitions gives 
zsk(al, . . . ra2k-l) = 
1 
t2k _ 1l! x.$-I Sign(~)Sk(a,(l,[a,(Z), anC3J1 . . . Can(2k-2)? an(2k-1)l) 
1 1 
= (2k _ 1)l (k _ 1)l & ~~~_,sign(na)tr(a*(l,a,,(2,. . ancGk-d 
= y-‘z 2k-1. cl 
Now let chk be the invariant pOlynOkd 
COROLLARY 3.4. 
J(Tckk) = (-l)“-’ 
Proof: This follows from the formula relating TP and zP given in Section 1, together 
with Lemma 3.3 and the fact that j(b,,_,) = y2kPl = J(ikz2k_l). 0 
Corollary 3.4 shows us how to relate the Bore1 class b2k_ 1 E Hike ‘(G.&(C)) and the 
class TChzk_ 1 E H2k-1 (g&(C)) using the homomorphism j: Hzk- ’ (GL,(@)) + H 2k- ’ 
(g&(C)). It is a straightforward exercise to translate Corollary 3.4 into the following lemma. 
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LEMMA 3.5. The diagram 
K,o,,(X; @) - K&(X; C) 
Tch 1 1 b’ 
iY”yx; W) 
commutes where 
1 k(k--l)! b’ = C(- l)k-1 - 0 2rc (2k - l)! btlr-1. k 
The next step is to prove the following lemma. 
LEMMA 3.6. The composite 
3 Wdd(X; C) + K’(X)c,z - K’(X), ch Hdd(X; IR) 
is given by taking the imaginary part. 
ProoJ The composite 
K’(X)c+K’Wc,z- ’ K’(X), 
is given by taking the imaginary part. Lemma 3.6 follows by applying the Chern character 
and identifying Hodd(X; C) with K’(X), using the Chern character. q 
Now we can complete the proof of Theorem 3.1. 
Proof of Theorem 3.1. Combining Lemmas 3.5 and 3.6 shows that Theorem 3.1 is true 
on the image of KR,(X; C) -+ K&(X; C). To complete the proof it is clearly sufficient to 
show that given x E Kt,,(X; C) there is an integer N such that Nx is in the image of 
J&(X; a=). 
If X is a finite CW complex the kernel of the Chern character ch : K O(X) --) H”‘“(X; Cc) 
is the torsion subgroup of K’(X) so it is clearly sufficient to prove that the composite 
K&(X; C) --i K’(X)+ Z-Zeye”(X; C) 
is zero. However, it is zero on Rep(ni(X); GL(C)) since the Chern character of any flat 
bundle is zero and using the universal property of Rep (nl (X); GL(C)) + K&(X; C). This 
completes the proof. cl 
4. COMPACT HYPERBOLIC 3-MANIFOLDS 
Let I c SL,(C) be a discrete torsion-free cocompact subgroup. Then the double coset 
space 
x = 1-\SL,(C)/SU(2) 
is a compact 3-dimensional hyperbolic manifold with fundamental group I. We equip 
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X with its hyperbolic metric of constant curvature - 1. Since I is a subgroup of S&(C) 
there is a canonical representation a: rrl (X) + S&(C) and thus a canonical element 
LX, xl f G&X @I. 
Note that X is a spin manifold where the principal Spin(3) = SU(2) bundle is given by 
P = r\SL,(@) + r\SL,(@)/SU(2) = x. 
Let D be the corresponding Dirac operator; then by Theorem 2.2 
Aa, D) = ( CDI, 4x, al > E W. 
The object of this section is to prove the following formula: 
p(cr, D) = ;CS(X) - $ vol (X). 
This proves Theorem B in the Introduction since every compact hyperbolic 3-manifold 
equipped with a spin structure can be constructed in this way. 
Recall that CS(X) is defined as follows. Let F + X be the oriented orthonormal frame 
bundle of X; it is a principal S0(3)-bundle. Let y E Q’(F; SO(~)) be the connection form of 
the Reimannian connection on F. Then Chern and Simons construct a form cp(y) E fi3(F). 
In fact, ~(7) = 7’p1(y)/2 where p1 is the invariant polynomial on SO(~) which defines the first 
Pontryagin class. The precise formula for q(y) is given in 56 of [9]. Since X is an oriented 
3-manifold F has a section (r and then, by definition, 
CS(X) = s o*(cp(Y)) E R/Z. X 
It is independent of the choice of cr because we take its value in Iw/Z. 
To prove the above formula we must first consider the principal bundle Q = Qa: 
associated to the inclusion of I in SL2(C). This bundle is 
Q = SL,W) x ,C%W)I=J(2)). 
It is topologically trivial since it is an SL,(@)-bundle over a 3-manifold. Thus, we can 
choose a trivialisation s and compute p(a, D) using the index formula for flat bundles. 
Taking account of the fact that A(D) E H,&X; C) is just the orientation class of X this 
gives the formula 
P@, D) = 
I 
Tch&, s). 
X 
To compute T&(a, s) we need to describe the flat connection on Q. 
Let 0 E R’(SL1(C); s&(C)) be the Maurer-Cartan form. Let 
P: S&(C) x (SL*(@)/SU(2)) + S&(C) 
by projection onto the first factor. Then p*(8) is a I-invariant form on SL,(@) x 
(SL,(C)/SU(2)) and so it descends to a l-form 
B E @(Q; M@)). 
This l-form /3 is the flat connection on Q. 
Now note that the map 
SL,(@) x SL,(C)+ SL,(@) x SL&), (a, b)H(&‘, b) 
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descends to an isomorphism 
cp:P xsu(z,~~2@3-, Q. 
This gives a map i : P + Q defined to be the composite 
P = P x ~(2) Su(2) -+ P x su(2) =2@3 -+ Q- 
Choose a section (T of P; this gives a section s = ia of Q. Then by the formula for Tch2 given 
in Section 1 we see that 
Tch,(u, 4 = & tr(a*i*(P3)). 
Now a straightforward computation shows that i * (/?) is the form on P = r \ SL,(@) defined 
by the I-invariant form 8 on SL2(C); here, as above, 8 is the Maurer-Cartan form on 
SL2 m. 
Now consider the invariant form o = tr (e3) on SL,(C). Since it is invariant it descends 
to an invariant form 6 on PSL,(C). Now PSL,(@) is the principal SO(3) frame bundle of 
hyperbolic space %? 3 and in [22, Lemma 3.11, Yoshida shows by a simple direct computa- 
tion that 
0 = 127~~c4y,~) - 6i(vol,s + do. 
Here yapa ER’(PSL,(@); SO(~)) is the Reimannian connection on the principal frame bundle 
of .%? 3, vol 1ps is the volume form of &’ 3 considered as a form on the frame bundle F, and 5 is 
a form which is given explicitly in [22]. In fact, using the notation of Lemma 3.1 of [22], our 
form w is given by 
67r2 
o= -7-c. 
This is checked by comparing the forms at the identity of PSL,(@), and Yoshida proves that 
C = -$ (volx3 + d[) + 2irp(y,a) 
where c is explicitly computed. 
Passing to the quotient by I we get forms ox = tr(i*(/13)) on I\SL,(@) and Wx on 
F = r\PSL,(@) and the equation 
Ox = 127r2&,) - 6i(vol, + dc) 
where yx is the connection form on the frame bundle of X and vol, is the volume form of X. 
The section Q gives a section 5 of F and 
1 
=24X2x s 
tr(a*i*(f13)) 
1 
=5iGx s 
5*(6x) 
= &S(X) - $ vol(X). 
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It follows therefore that if X is a compact hyperbolic homology 3-sphere the corres- 
ponding element [X, a] E K3(@) has infinite order. More generally, by looking at examples 
of hyperbolic homology 3-spheres, it should be possible to represent elements of infinite 
order in the Ks-groups of rings of integers in number fields by hyperbolic homology 
3-spheres. We have not followed through the details. 
There are two other aspects of this computation which we plan to pursue in future work. 
The first is to explore the relation between the formula 
p(a, D) = i CS(X) - -$ vol (X) 
and the fact that, in favourable circumstances, the Chern-Simons invariant and the volume 
are the real and imaginary parts of an analytic function; compare [22]. The second is to 
investigate whether the fact that for a hyperbolic 3-manifold X both CS(X) and vol (X) are 
determined by the element [X, a] in algebraic K-theory imposes any restrictions on the 
values these invariants may attain. 
5. THE PROOF OF THEOREM C 
We turn now to the computation of 
e[C(a1,. . . ,a,), al E @P. 
Here, as in the introduction, C(ai, . . . , a,) is a Seifert homology 3-sphere and a: 
%(U%, . . . , a,))+ SL,(@) is a representation in which the central element h acts as 
a scalar. To simplify notation fix the n-tuple (ai, . . . , a,) of pairwise coprime integers and 
set 
c = C(Ui,. . . ,a,). 
Further choose the n-tuple (b, , . . . , b,) of integers as in the presentation of the fundamental 
group of C. 
Recall that the 3-dimensional ens space L(u, b) is defined to be S3/C, where the 
generator of C,, the cyclic group of order a, acts on S3 c Cz by (c,, ct). The fundamental 
group of L(u, b) is C, and the covering translation g = (c., ii) gives a preferred generator of 
711 (Ua, b)). 
Our argument is based on the following lemma. 
LEMMA 5.1. There is a 4dimensionul spin manifold W with the following properties: 
(1) 
(2) 
(3) 
(4) 
the boundary of W is given by 8 W = E u L where L is a disjoint union of 3-dimensional 
lens spaces 
L = fi L(uj, bj); 
j=l 
the homomorphism x1 (ZZ) --) rtl (IV) induced by the inclusion of X in 8 W is the quotient 
homomorphism T$,, . . . , a,) + T(uI, . . . , a,); 
the homomorphism n, (L(uj, bj)) + n1 ( W) induced by the inclusion of L(uj, bj) in 8 W is 
giuen by mapping the generator gj of nl(L(uj, bj)) to Xi. 
Proof The proof of this lemma uses the standard theory of Seifert fibre spaces, for 
example, see [13, Ch. 121. The circle acts on Z and since the integers (al,. . . , a,) are 
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pairwise coprime the quotient C/S’ is the 2-sphere S2; now define 
In meeach orbit of the S’ action on C is replaced by a 2-disc; these discs are the fibres of the 
projection W+ S2 = C/S’. The free orbits in X have invariant neighbourhoods 
equivariantly diffeomorphic to S1 x D 2 and so the general fibre in I@ has a neighbourhood 
diffeomorphic to D2 x D2. The exceptional orbit in 2 with isotropy group COi has an 
S’-invariant neighbourhood equivariantly diffeomorphic to S1 x c,, D2 where the generator 
of C,i acts on D2 c C by multiplication by {if. Thus, the corresponding exceptional fibre 
Di in fi has a neighbourhood diffeomorphic to D2 x ca, D2 where the generator of C,< acts 
by iai on the first factor and [ij on the second; the exceptional fibre Di corresponds to the 
disc D2 x ca,O. Thus, @has n singular points, the centres of the exceptional discs, and each 
singular point has a neighbourhood diffeomorphic to a cone on a lens space. The manifold 
W is obtained by removing open cones around the singular points. 
Now we must prove that W is a spin manifold. Let D c I? be the union of the 
exceptional discs Die Then I@\ D is a disc bundle over the sphere punctured at n points; thus, 
@\D is parallelisable. Note that W intersects Di in an annulus Ai and let A be the union of 
the Ai. Thus, W\A c @\D is parallelisable. However, a simple argument with the 
Mayer-Vietoris sequence shows that the inclusion W\A + W induces an isomorphism in 
H’( - ; H/2) and since W\A is an open submanifold of W it follows that W is a spin 
manifold if and only if W\A is; thus, W is a spin manifold. 
The computation of the fundamental group of Wand the homomorphism induced by 
the inclusions of the boundary components is a routine modification of the argument used 
to compute the fundamental group of C, compare [13, Ch. 123, and we will not go into the 
details. 0 
We fix a spin structure on the lens space L(a, b) by the following procedure. The 
universal cover of L(a, b) has a unique spin structure and this spin structure is invariant 
under the action of C, as the group of covering translations. Thus, it descends to a spin 
structure on L(a, b). Let D be the Dirac operator on L(a, b) defined by this choice of spin 
structure. Let fls: rcl(L(a, b)) = C, + U(1) be the representation defined by mapping the 
preferred generator g of C, to ii. The computation of p(/I,, D) is quite standard, compare [3, 
Proposition 2.123 and [12, Example 4.4.71; we summarise the details very briefly. 
LEMMA 5.2. Dejine b’ by 
then 
bb’ = 1 moda; 
p(/?,, D) = - $ E C/Z. 
Proof: The method is to apply the Atiyah-Bott Lefshetz fixed point formula to the 
Dirac operator on the 4-manifold D4 where the generator g of the cyclic group C, acts by 
(c,, ci). There is a unique fixed point, the origin, and the eigenvalues of the derivative of gk at 
the origin are given by tJf: and CO . bk A routine application of the fixed point formula gives the 
result. 0 
In the case where the representation a of X,(C) factors through the quotient homomor- 
phism 
%(Q-+ 7%1, + * * 3 4 
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we can now use the spin cobordism W to compute p(a, D). 
LEMMA 5.3. Let a : al(C) + SL,(@) be a representation such that a(h) = 1. Let 
sdj), lljln, l<klN 
be the type of the representation a; then 
p(a,D) = - i f f@$ 
j=l k=l J 
where a = al. . . a,,. 
Proof: Since a(h) = 1 it follows that a defines a representation of zr (IV) = n1 (Z)/(h) in 
SL,(C). Let Lj be the lens space L(aj, bj) in the boundary of Wand let aj the representation 
of zl(Lj) given by the composition 
n1(Lj)+711(W+SLN(@). 
The homomorphism nl(Lj) -+ xl(W) maps the generator of xl(Lj) to Xj and SO it follows 
that the representation aj is, in the notation of Lemma 5.2, isomorphic to 
Pn,u, 0 * . . 0 bn,cj,. Now since W is a spin manifold it follows from the cobordism 
invariance of p(a, D), see [3, Theorem 3.31, that 
p&, D) = i pL,(aj, D). 
j=l 
Lemma 5.3 now follows from Lemma 5.2. 0 
Now let a: x1(C) + SL,(@) be a representation in which the central element h acts as 
a scalar. Consider the representation 
a @ E: 7c,(C) + SL&C) 
where E is the complex conjugate of a. 
LEMMA 5.4. 
P(a 8 CT, D) = 2N%(p(a, D)) E C/Z. 
Proof Since we are working on a homology 3-sphere every flat bundle on X is 
topologically trivial. Pick a smooth trivialisation s of the flat vector bundle V, determined 
by a; using this trivialisation we can now identify the flat connection on this bundle with 
a l-form 8 E R’(Z; MN(@)). Further s @ S gives a trivialisation of Ke,; = V, @ E and using 
this trivialisation the flat connection on V, @ I$ can be identified with 
8 @ 1 + 1 @I BE R’(C; MN(C) @ MN(C)). 
Now we compute p using Chern-Simons classes. The relevant erm in the Chern-Simons 
form is 
tr((Q@l+ 1~~)3)=Ntr(83)+3tr(e2)tr(8)+3tr(e)tr(~2)+Ntr(83). 
Now since 8 is a l-form tr@) = tr(e’) = 0 and therefore 
tr((0 @ 1 + 1 @ 8)3) = N tr(e3) + Ntr(g3) = 2N%(tr(83)). 
Therefore, Tch3(a @ E, s @ S) = 2N%(Tch3(a, s)) and the result follows from the index 
formula for flat bundles, see Section 1. q 
ALGEBRAIC K-THEORY, HOMOLOGY SPHERES, AND THE q-INVARIANT 953 
We can now complete the proof of Theorem C in the introduction. 
Proof of Theorem C. Let a: nl(C) + SL,((c) be a representation in which the central 
element h acts as a scalar multiple of the identity. Then in the representation a @ or this 
central generator h maps to 1 and so we can use Lemma 5.3. The eigenvalues of the matrix 
tL(xj) @ &(xj) are given by 
&(j)&(j), 1 I k, I I N 
where the A,(j) are the eigenvalues of a(xj) and so the type of the representation a @ 6 is 
given by the N2 integers 
sk( j) - sI( j), 1 I k, 1 I N 
where the N integers sk(j) determine the type of the representation a. Therefore, 
j=l k=l I=1 
Now combining this formula with Lemma 5.4 completes the proof of Theorem C. 0 
6. REPRESENTATIONS OF q(Z(p, q, r)) IN SL,(C) 
Throughout this section we assume that p, q, and I are pairwise coprime integers. Recall 
that the group zl(E(p, q, r)) has a presentation in the form 
(h, ~1, x2, xsl[xi, h] = 1, XT = hpbl, X: = hvb2, X; = heb3, ~1~2x3 = hebo) 
where 
- pqrbo + qrbl + prb2 + pqb3 = 1. 
It is always possible to choose bl, b2, b3 to be odd; for example, if p is even then bl must be 
odd and if p is odd then replacing xl by hx, changes the parity of bl, 
From now on we assume that bl, b2, b3 are odd. In addition, we assume that a is 
a non-trivial representation of 7c,(X(p, q, r)) in SL,(@). Since nl(C(p, q, r)) is perfect any 
non-trivial representation of nl(E(p, q, r)) in SL,(@) must be irreducible and therefore the 
central element h must act as a scalar. It follows that a(h) = (- I)/ where I is the 2 x 2 
identity matrix. The general representation i  which a(h) = ( - I)/ is given by three matrices 
A = a(xl), B = a(x2), C = a(x3) in X,(C) satisfying the equations 
AP = ( - I)‘, B4 = (- Z)f, C’ = ( - I)‘, ABC = ( - Z)fba. 
LEMMA 6.1. Suppose that one of A, B, C is + I; then the representation a is trivial. 
Proof Suppose, without loss of generality, that A = f I. Then the equation 
ABC = + Z shows that B = f C - ’ and it follows that the three matrices A, B, and 
C commute. Thus, the image of a is abelian and since rcl(Z(p, q, r)) is perfect a must be 
trivial. cl 
Now, assuming that a is a non-trivial representation of nl(E(p, q, r)) in U,,(C) with 
a(h) = ( - I)/, it follows that the eigenvalues of A, B, and C are given by 
l”,p, L,“, 0 < k < P 
r:,,t;;,‘, O-=l-=q 
K? r;:, Ocm-cr 
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and that 
k=l=m=f mod2. 
We will now show that the integers (k, 1, m) are a complete invariant of non-trivial 
representations a of nl(Z(p, 4, r)) in S&(C) and furthermore any such triple with 
k = I= mmod 2 arises from a non-trivial representation. 
THEOREM 6.2. The function cx++(k, 1, m) defines a one-to-one correspondence between 
conjugacy classes of non-trivial representations of zl(X(p, q, r)) in SL,(@) and triples (k, 1, m) 
with 
O<k<p, O<l<q, O<m<r, k=l=mmod2. 
Proof: Fix k, 1, and m as in the statement of the theorem and define f to be zero or one 
according to whether k, 1, m are all even or odd. Recall that the characteristic polynomial of 
a 2 x 2 matrix X is 
X2 - tr (X)X + det (X). 
Therefore, to find a non-trivial representation CI of zl(C(p, q, r)) in SL,(@) corresponding to 
(k, 1, m) we must find matrices A, B, and C satisfying the equations 
tr(A) = [“,, + [,-,“, det(A) = 1 
tr(B) = G, + r,-,‘, det (I?) = 1 (6.1) 
tr(C) = 1’1: + iiF*, det(C) = 1 
ABC = (-1p. 
Since C” = 1 it follows that C is conjugate to a diagonal matrix and so there is no loss of 
generality in assuming that 
Now A = ( - r)/bo(BC)- l so we can eliminate A; with these substitutions, Eqs (6.1) become 
det (B) = 1 
tr(B) = ii, + r;,’ 
tr((BC)-‘) = (- l)fbo(ik2, + CT,“). 
(6.2) 
Next substitute 
into Eqs (6.2) to get 
The last two equations in (6.3) are linear and they are independent since 0 < m < r. 
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Therefore, Eqs (6.3) have a solution. This shows that the function a H (k, 1, m) is surjective. 
In fact, we show that any two solutions of Eqs (6.3) give conjugate representations. The 
unique solution to the last two equations in (6.3) has the property that Bil Bzz # 1 and 
therefore any solution must have B B 12 21 # 0. Now conjugating by a diagonal matrix in 
S&(C), which leaves C fixed, we can assume that B12 = 1 and then BzI is uniquely 
determined. This shows that any non-trivial representation of nl(C(p, q, r)) in S&(C) is 
determined up to conjugation in S&(C) by k, 1, and m. 0 
Proof of Theorem D. Let a be the unique representation of nl(C(p, q, r)) in S&(C) 
corresponding to a given triple (k, 1, m). Note that the type of a is given by the integers j(l), 
s,,(2), sj(3) which are the solutions of the equations 
2s(l) -f= + k mod 2p 
2s(2) -f= + I mod 2q 
2s(3) -f= & m mod 2r. 
It follows that 
(~~(1) - ~(1)) = k2 mod p 
(s,(2) - ~~(2))~ = l2 mod q 
(s,(3) - ~~(3))~ = m2 mod r 
and now the formula in Theorem C gives 
+ fc + Pqm2 q 7 EQ/Z c c/z. 
To calculate the imaginary part of e( [X(p, q, r), a]), let E be the complex conjugate of a. 
Now computing e using Chern-Simons classes, compare the proof of Lemma 5.4, shows 
that 
e(CW, 4,r), 4) = e(CW, q,r), al). 
However, & determines the same triple (k, 1, m) as a and so, by Theorem 6.2, it follows that 
a and Cr are isomorphic representations; therefore, 
4CW4 4,r), 4) = 4CW4 4, 9, al). 
It follows that the imaginary part of e([E(p, q, r), a]) is zero and so 
I pr12 I mm2 q y E Q/Z c c/n. 
Therefore, if we choose k = I= m = 1 then 
where 6 is prime to 4pqr. 
Next we show that the class [C(p, q, r), a] E K3(@) has finite order. Equations (6.3) show 
that a is defined over some field F c C which is an algebraic extension of Q. So we get an 
element [X(p, q, r), a] E K,(F). However, we know from [7] that the torsion-free part of 
K,(F) is detected by the Bore1 classes; in view of Theorem 3.1 we can rephrase this as 
follows. Let i : F + @ be the inclusion and let G be an automorphism of F which leaves 
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Q fixed. This gives a new embedding i, of F in C. Then we know [X, a] E K,(F) is torsion if 
and only if 3(ei,[C(P, q, r), a]) = 0 for all c. However, i,[C(p, q, r), a] = [Z(p, q, r), j?] for 
some representation of nr(Z(p, q, r)) in S&(C) and the argument given above shows that 
3(eC% 4,r), 81) = 0 f or any representation of zl(IZ(q, q, r)) in St;&). Theorem D now 
follows from Corollary 2.4. 0 
Proofof Theorem E. We must now consider representations of q(Z(2,3, d)), where d is 
coprime to 6, in a little more detail. First we write down some specific representations of 
n1(X(2, 3, d)) in S&(C). We choose the presentation of 7r,(Z(2,3, d)) as above with 
bl, bz, b3 odd. Now choose an integer m with 0 < m < d; define 
by 
a,:nr(x(2,3, d))+ s&(C) 
a,(h)= ( i1 !l). 
a&d = (-Z)b”+1(a,(x2)am(x3)), 
a&2)= 
0 1 ( ) -1 1 ’ 
~&3) = 
( 
--CT 0 
CT” > 
-5;” . 
These matrices satisfy the relations in the presentation of 7r,(X(2,3, d)) and the representa- 
tion corresponds to the triple (1, 1,2m - 1) in the notation of Theorem 6.2. So repeating the 
computation used in the proof of Theorem D we obtain 
4(e[C(2,3, d), a,,,]) = - 
24m2 
T + y + d E Q/Z c c/z. 
Now take m = 1 and it follows that 
eCW, $4, a11 = & E Q/Z c C/Z 
where 6 is coprime to 24d. 
However, a1 is defined over Z[c,,] and so we have [C(p, q, r), al] EK~(Z[C,,]). By 
repeating the argument given in the proof of Theorem D it follows that [C(2,3, d), al] has 
finite order and in view of the computation of e[X(2,3, d), al] it follows that 24d divides the 
order of [X(2,3, d), al]. Theorem E now follows from the computations of Merkurjev- 
Suslin [17] and Levine [16], who show that the torsion subgroup of K3(Z[[d]) is cyclic of 
order 24d. cl 
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